Nambu-Sigma model and effective membrane actions 
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We propose an effective action for a p'-brane with open p-branes ending on it. The action has dual 
descriptions similar to the commutative and non-commutative ones of the DBI action for D-branes 
and open strings. The Poisson structure governing the non-commutativity of the D-brane is replaced 
by a Nambu structure and the open-closed string relations are generahzed to the case of p'-branes 
utihzing a novel Nambu sigma model description of p-branes. In the case of an M5-brane our action 
interpolates between M5-actions already proposed in the literature and matrix model like actions 
involving Nambu structures. 
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Introduction. — The construction of an all-order effec- 
tive action for the M5 brane with multiple open M2 
branes has been an open problem for well over a decade. 
For a single D-brane in open superstring theory, the 
Dirac-Born-Infeld action provides such an effective de- 
scription valid to all orders [IHSl . In fact there are equiv- 
alent commutative and non-commutative descriptions [J| 
and this equivalence is quite restrictive. It has been used 
to study the non-abelian DBI action [5|, l6| and more re- 
cently in the context of the M2/M5 brane system [7| . We 
pick up on this idea, introduce a Nambu sigma model, de- 
termine open-closed membrane relations and a Nambu- 
Poisson map that relates ordinary higher gauge theory to 
a new type of Nambu gauge theory. We find that these 
considerations fix the bosonic part of the desired effec- 
tive action essentially uniquely. Imposing K-symmetry it 
should be possible to determine the full supersymmet- 
ric action, but we shall focus on the bosonic part in this 
letter. Our action interpolates between early proposals 
from the 1990s and matrix- model like actions involving 
Nambu-Poisson structures 8, 91, which are a current fo- 
cus of research (se e, e.g., [10 - 13j |) motivated by the pi- 
oneering works of lj-[l8| and others. Among the e arly 
approaches, the one closest to ours is the one of [19|, |20j, 
which uses K-symmetry as guiding principle and features 
a non-linear self-duality condition. It avoids the use of an 
auxiliary chiral scalar |2l| with its covariance problems 
following a suggestion of |22[. For these and alternative 
formulations, e.g., those of [2S!], based on superspace em- 
bedding and K-symmetry, we refer to a recent review [2J] . 

Notation. — Throughout this letter, indices a,/3 = 
0,1,..., p label world volume coordinates t = aa and 
a — (cti, . . . , cTp), a,b = 1, . . . ,p are reserved for the spa- 
tial components, z, j = 0, . . . , Z? — 1 denote target space 
indices, and capital letters /, J denote ordered p-tuple 
multi-indices / = (zi, . . . , ip), with < zi < . . . < ip < 
D — 1. A tilde distinguishes fields that carry multi in- 
dices. We present our results with Minkowskian signa- 
ture (— , -I-, . . . , -f ) world volume and target space metric. 

Membrane actions. — A single p-brane is described by 



scalar fields X'{a) = X^{T,a), i = 0, ...,£>- 1, that 
embed the (p + l)-dimensional world volume E into the 
£)-dimensional target space manifold M. The p-brane 
action in Nambu-Goto form 



S[X] 



-T„ 



dP+'a^-det{g,,d^X^dpXi), (1) 



features the square root of the determinant of the pull- 
back of the target space metric g to the world volume. 
(We are particularly interested in the p = 2, D = 11 
case of the M2 membrane in M-theory/supergravity, but 
as long as we are discussing the bosonic part of the the- 
ory we will keep the world volume and target space di- 
mensions general.) Introducing an auxiliary world-sheet 
metric hap , we can write a classically equivalent p-brane 
sigma model action 

T' r 
S[X, h] = -^ / dP+V V- det h [gijh"^dc,X'dpX^ 

-(P-I)A], (2) 



where T' 



X ^ Tp and the constant A > can be 



chosen freely. Using the equations of motion of haj3 
one would recover the original action ([T]). Instead, we 
shall use the reparametrization invariance of ([2]) to lo- 
cally gauge fix the /iqo, ft-ob and /loo components of the 
world-sheet metric: /iqq = /*ofc ~ for a,b = l,...,p 
and /loo = — A^~^ dei{hab)- (For world volumes that can 
be split into a spatial and a temporal part, of the form 
Sp X R, Ep X / or Ep X 5^, this gauge choice is valid glob- 
ally.) In the p = 1 (string) case, Weyl invariance can be 
used to gauge fixes all components /iq^, while for p > 1, 
the spatial components hab are still free. Integrating out 
these remaining spatial components of the world-sheet 
metric (i.e. using the equations of motion), we arrive at 
the gauge-fixed p-brane action 



SAX] 



T„ 



d^+V [g^jdoX'd^X^ 



Aei{g^,daX'dbX^)\ . (3) 



It is convenient to rewrite (jS]) in multi-index notation: 
Introducing the antisymmetric p-fold tensor product of 
the target space metric 



~9iJ == Y^ se^i^)9^„^l^jl ■ ■ ■ 9i^MJp 



(4) 



TrGSp 



and the antisymmetric product of partial derivatives 
p 

dx'= Y. e""■■'"'5al^'^•••a,^^^^ (5) 

ai ,...,ap^l 

where ii < . . . < ip^ the p-brane action becomes 

S,i[X] ^^J dP+'a {g,,d,,X'd^X^ -h.idX'dX'\ . (6) 

(It is intriguing to speculate that the "big" metric g in 
this action could also be independent of 5.) 

Next, we add a background (p + l)-form Cp+i-field 
{ li)\ ^iji...jpdx'^dx^^ . . . dx^p with field strength H = dC. 
Using compact multi-index notation, the corresponding 
minimal coupling term in the action is 



Sc[X] - - fdP+^a YC^J^oX'^X 

i,J 



(7) 



Eventually, we will also add a p-form potential A (de- 
scribing local fiuctuations of the boundary of the mem- 
brane) so that all together the gauge invariant combina- 
tion C + F (locally F = dA) enters the theory. We will 
not consider a dilaton term as it is irrelevant for our dis- 
cussion. For brevity, we will henceforth omit the p-brane 
tension Tp in all formulas. 

Nambu sigma model. — Generalizing the well-known 
Poisson sigma model 25|, |26| to p > 1, we propose the 
following Nambu sigma model: 

S[7i,f},X] = J dP+'a[-^iG-'y^V,^, + ^iG-')"fjifjj 

+ T],doX' + fiM' - ff ^r;,7yj] . (8) 

We note the appearance of two types of metrics G and 
G, as well as auxiliary fields -q and r). In the topolog- 
ical case, where G~^ = G~^ = 0, the consistency of 
the equations of motion imposes strong conditions on 
the antisymmetric {p + l)-tensor 11: For p — \ consis- 
tency requires that 11 must be a Poisson tensor. For 
p > 1 we find that 11 must satisfy the even more strin- 
gent conditions of the fundamental identity of a Nambu- 
Poisson structure |9|] . This differential and algebraic iden- 
tity has been shown to imply that the multi- vector field 
n is decomposable^ i.e. it is the wedge product of p + 1 
independent vector fields and it thus defines a (p + 1)- 
dimensional submanifold of M . Local orthogonal trans- 
formations turn n*^^-^p(a;) into the Levi-Civita symbol 
^vi---jp (with i,ji,...,jp € {0,1,..., p}) times a scalar 



density of weight —1 that we shall denote by |n(x)|p+T. 
(For p = 1 the symbol |n(a:)| shall denote the deter- 
minant of ll{x); for the special case p + 1 = D the two 
possible definitions coincide.) The topological part of the 
action ([8]) agrees with that of an AKSZ construction for 
topological open p-branes (27| . 

For non-degenerate G and G we can use the equations 
of motion to eliminate the fields rj and fj. This yields 
an action S'[X], which we recognize to be precisely the 
gauge-fixed action Sgf [X] -I- Sc [X] of a p-brane in a back- 
ground Cp+i -field ([HI), ©, with the identifications 



tT\-1 



g = {G-' + nGn\ 

g= {G-^+n'^GU)-^ 
C = -gUG = -GUg . 



(9) 



(Matrix multiplication is understood in all these expres- 
sion, e.g. GjK = —gjJ^^^GjK with summation over re- 
peated indices.) We would like to ensure that 11 is a bona- 
fide Nambu-Poisson tensor, but for arbitrary background 
fields g, g, and C our present framework is too restric- 
tive for that purpose. We can introduce more freedom 
into the description by simply splitting G (and 11) into 
parts that participate in the transformations above and 
parts that remain unchanged. Alternatively, but essen- 
tially equivalcntly, we can write the Nambu sigma model 
action in block matrix form and augment G^^ and G~^, 



G- 





^0 



-G 



introducing a new (p+l)-form field $ that plays a similar 
role as the corresponding field of [4]. The general open- 
closed membrane relations that follow from the equiv- 
alence of the augmented Nambu sigma model and the 
p-brane action are: 



^-i^T 



g + Gg- C =G + $G-'$' 

~g + G^g-^C = G + $^G"^$ 

g-^C = G^i* - n(G + $^G~i$) 
Cg-'^ = $G"i -{G + $G"i$^)n 



(10) 



For the special case p = 1 , these relations reduce to the 
familiar and much simpler open-closed string relations [J| 



G G + $ 



n 



(for p = 1) 



(11) 



Nambu gauge theory and Nambu-Poisson map. — We 
will now add fluctuations in the form of a local world- 
volume p-form gauge potential A with field strength 
F = dA, so that the gauge invariant combination C + F 
enters the theory. As we shall see, this leads to a new 
type of gauge theory, which is a higher algebraic analog 
of noncommutative gauge theory with generalized gauge 



transformations involving p — l-form gauge parameters A 
and Nambu brackets. 

Let us consider the effect of F in the Nambu sigma 
model. We have a gauge action of F on 11 

Hh^ n^ = {i-uF'^y^u = (1 - {u,F))-^ii, (12) 

where (11, F) = trllF^. The second equality in (fT2|) 
holds only for p > 1 and is due to the decomposabil- 
ity of the Nambu-Poisson tensor H. (See [281431 1 for 
the more complicated case p = 1.) H^ is again a 
Nambu-Poisson tensor. Furthermore, for exact F = dA, 
the tensors 11 and H^ are related by a Nambu-Poisson 
map pr^i (change of coordinates). To see this, we in- 
troduce a tensor Ht = 11'^ (i G [0, 1]) that interpo- 
lates between 11 and II'^ and a i-dependent vector field 
Tit{A) := {YltY'^Ajdi. A straightforward calculation re- 
veals that f^Ut = Cn,iA)(nt) = {nt,F)Ut. Solving this 
differential equation, we obtain the geometric series (J12p 
for n^. The flow of Ilt{A), evaluated at i = 1, is there- 
fore the Nambu-Poisson map p[A] that we are looking 
for and our construction gives it in closed form. This 
map is the p-brane analog of the (semiclassical) Seiberg- 
Witten map and it was first obtained in [7| . Although the 
Nambu-Poisson tensor lit docs not depend on the choice 
of the gauge p-potential A, the Nambu-Poisson map pr^i 
does: An infinitesimal gauge transformation 6A — dX, 
induces a change in the flow, which is generated by a 
vector field X[x,a] = ^'"^ idX[x^A])jdi, with a (p— l)-form 
gauge transformation parameter 



A 



[\,A] 



E 



i-Cn,iA)+dtrW 



(fc + 1)! 



t=o 



(13) 



This is the p-brane analog of the exact Seiberg-Witten 
map for the gauge transformation parameter. 

Using the Nambu-Poisson map, we can introduce co- 
variant coordinates x^ = p[A]{x^)- The Jacobian of the 
transformation x^ i-^ x^ can be read off (fT^ . using the 
decomposability of 11 for p > 1. The degenerate ma- 
trix FTi^ acts non-trivially only on a (p-l- l)-dimensional 
subspace (via multiplication by (n,F)). Altogether, 



det(l - Fn^) = (1 - (n,F))p+i = 



|n(x)| 



dx 



dx 



P+i 



(14) 

Effective action. — We are interested in a system of mul- 
tiple open M2 branes ending on an M5 brane with a de- 
scription by an effective action that is exact to all or- 
ders in the coupling constant (for slowly varying fields). 
Since we focus on the bosonic part of this action, we 
shall not actually fix p = 2 and p' — b. Our goal is 
thus the construction of an effective action for a p'-brane 
with open p-branes ending on it while being submerged 
in a Cp+i -background. The construction is based on two 
guiding principles: Firstly, this effective action should 
have dual descriptions similar to the commutative and 



non-commutative ones of the D-brane and open string 
case and secondly, it should feature expressions that also 
appear in the p-brane action ([7]), ©■ 

The open-closed membrane relations (|10[) imply 



Aei[g+[C + F)r\C + Ff] = 
det 2[1 - Fn^] • det[G + ($ + F')G"^($ + F'f] , (15) 

where F' = {I — F'ii^)^^F. This miraculous identity 
holds for all p. Its derivation is quite non-trivial and is 
best done using block-matrix techniques. It is tempting 
to take the square root of the identity to construct the 
action, but recalling (fT4|) . we notice the appearance of the 
2(p + l)-th power of the Jacobian of the Nambu-Poisson 
map in (jl5[) . In order to allow dual descriptions and 
the corresponding change of coordinates, the 2{p+ l)-th 
root of P^ should enter the effective action that we look 
for. The Lagrangian density must be an integral density, 
we therefore need to complement the part that we have 
found with an appropriate power of the determinant of 
the target space metric. These considerations fix the ac- 
tion essentially uniquely and we postulate 

Sp.UBI = - fdP' + ^X—^/^d^ 
J 9m 

. det nFTT) [1 + {C + F)g-\C + Ffg~^] , (16) 

where gm is a "closed membrane" coupling constant. The 
integration is over the larger p'-brane and the fields g, g, 
and C in this expression are the pull-backs of the corre- 
sponding background target space fields to this p'-brane. 
As desired, the action ([T6| is exactly equal to its "non- 
commutative" dual 



5, 



p-NCDBI 



dP' 



' + 1. 



1 ini 



detG 



• det ^i^ [l + ($ + F')G-\$ + F'fd-'^] , (17) 

where ^ denotes objects evaluated at covariant coordi- 
nates and F' is the Nambu (NC) field strength. Vanish- 
ing F fixes the open membrane coupling constant 



G,n ^ g„i {det G/ det gY' 



(18) 



The factor involving the quotient of |n| and |n| van- 
ishes for constant |n|, but it is essential for the gauge 
invariance of (fT7| in all other cases. As in the string 
case, we can impose the (background independent) gauge 
$ = — G, but we need to restrict the discussion to a 
maximally noncommutative subspace, where G is non- 
degenerate. We shall assume that this subspace is p -I- 1- 
dimensional. 11*'^ and Cij are square matrices in this 
subspace and the open-closed membrane relations (jlOp 
imply n = -(G'^)-i, G = Cg-^C^ , and G = C^g'^C. 



The relevant part of the action (|16l) becomes 
Sm = - [ dP+^x — ^ i det 5(FFT) [i + n'^gft'l] . 

J |n|FFT gm 

(19) 
Expanding to lowest order and ignoring a constant we 
find the infinite-dimensional version of a matrix model 



dP+^x- 



I 



1 



n|?TT 2(p + i)5™ 
• 9^0 JO ■ ■■g^.jAx^", ■ • .^x^^nx^",. ..,x^^}. (20) 

The physics and mathematics of open p-branes {p > 1) 
is quite different from that of open strings {p = 1); nev- 
ertheless, we have been able to choose conventions such 
that all displayed equations except for expressions that 
involve (H, F) hold for alll < p < p' < £> - 1. 

Relation to previous work and brief discussion. — The 
DBI part of the M5-brane action in equation (2.9) of [19] 
is (modulo conventions) 



S' = - d^x ^/~ det g y^ I + ip{k), 



(21) 



C)'y'{dA + C)jki and ip{k) 



Uvk 



where k = {dA + 

^tik'^ + j^(tr/c)^. (See also |32|, for an early proposal 
with a similar index structure.) The form of the poly- 
nomial if has been determined by lengthy computation 
based on K-symmetry and the requirement of non-linear 
self-duality. To our surprise, we found that this action 
iS" can be interpreted as a low-energy (second order in 
k) approximation of our p-DBI action (|16p . Indeed, for 
p = 2 and p' = 5 wc have d^ '^^x = d^x, 



2(p+l) 



i and 

6 



det^{\ + k) 



1 



1 



trfc - 



-trP 



1 
36 



(trfc)2 



The fact that two very different approaches (one 
based on K-symmetry, the other on commutative/non- 
commutative duality) give rise to the same action in the 
low energy limit is very encouraging and seems to indi- 
cate that our proposal can indeed be extended to a full 
supersymmetric action. 
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